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INTRODUCTION 
In his recent papers [14-161 Petryshyn has introduced and studied a class 
of projection&y compacl (P-compact) nonlinear mappings of a real Banach 
space with property (n), into itself. The main result of this study was an 
elementary and essentially a constructive proof of two fixed-point theorems 
for bounded [ 14, 151 and unbounded [16] P-compact operators, which were 
then used to derive a number of results concerning the existence and con- 
struction of solutions of various classes of nonlinear equations. Since, as was 
shown in [16], P-compact operators include, among others, completely 
continuous, quasicompact, and various classes of monotone operators (in a 
Hilbert space), the fixed-point theorems (for balls about the origin) of 
Schauder [19], Rothe [18], Krasnoselsky [lo], Altman [I], and Kaniel [9] as 
well as certain existence theorems for monotone operators of Zarantonello [21], 
Kachurowski [8], Minty [13], B rowder [2, 31, Dolph and Minty [6] and others 
were deduced from the results on P-compact operators. Further results for 
P-compact operators or their extensions have been recently obtained by Lees 
and Schultz [l 11, De Figueiredo [4, 51 and Petryshyn and Tucker [17]. 
The purpose of this paper is to continue the study and to extend the results 
obtained in [14-161 to prove a generalized Leray-Schauder fixed-point 
theorem for P-compact operators, and to show some of the consequences of 
this theorem. In Section 1 we introduce some basic definitions to be used in 
this paper. In Section 2 we prove the basic finite dimensional theorem which 
is a generalization of the theorem used in [9, 151. In Section 3 the generalized 
Leray-Schauder theorem for P-compact operators is proved and we show 
Petryshyn’s fixed point theorems for P-compact operators and the classical 
Leray-Schauder theorem for completely continuous operators follow as 
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special cases. In Section 4 we apply the main theorem to discuss the solution 
of operator equations under perturbation by other operators. In particular 
we obtain certain results of Granas [7] and Petryshyn [15]. 
I. BASIC DEFINITIONS 
In all that follows, we will assume that X is a real infinite dimensional 
Banach space which has the following properties: there exists a sequence 
{X,} of finite dimensional subspaces of X and a sequence {P,} of linear 
projection operators on X such that 
P,X = x, ( xn c &,I (n = 1, 2,...), 
and for some constant K 3 1 
II Pn II 6 K for all )2. 
The class of operators to be studied in this paper is described by the follow- 
ing definition. 
DEFINITION 1 [ 141. A nonlinear operator A of X into X is called P-com- 
pact if P,A is continuous in X, for all sufficiently large II and if for any p > 0 
and any bounded sequence {x~} with x, E X, , the strong convergence of the 
sequence {P,Ax, - px,} implies the existence of a strongly convergent sub- 
sequence {xm} and an element x in X such that x,-+x and P,Ax, + Ax 
as m--t co. 
In our discussion below we will need the following two lemmas, proved 
in [17]. 
LEMMA A. For the class of P-compact mapping A of X into X, the following 
assertions are valid: 
(a) The identity map I : X--+ X is not P-compact, but _ I is P-compact. 
(b) If A is P-compact then - A is not necessarily P-compact, but - A 
is P-compact with p < 0. (See [15] for the discussion of the case p < 0). 
(c) If A is P-compact and a >, 0, then aA is also P-compact. 
(d) If A and B are P-compact, then A - B need not be P-compact. 
(e) If A is P-compact and f is a$xed element in X, then A + f and A - f 
are P-compact. 
(f) If A is P-compact and B is completely continuous, then the mapping 
(1 - t) A + tB is P-compact for any Jixed t in [0, 11. 
LERAY-SCHAUDBR THEOREM FOR P-COMPACT OPERATORS 357 
LEMMA B. Let B, and S, = aB, denote the ball of radius rgreater than zero 
about the origin and its boundary. Let A be a P-compact mapping of X into X. 
If A has no fixed points on S, , then there exists an E > 0 and an integer N, > 0 
such that for all n > No, 
II x - P,,Ax II 3 E for all x in S, 17 X, . 
PROOF. Suppose such an l and N, do not exist. Then there would exist a 
sequence {x, 1 x, E X, n S,) such that I/ x, - P,Ax, II--+ 0 as n--t co. By 
the P-compactness of A, this implies the existence of an x with [I x II = r 
such that Ax - x = 0, contradicting the hypothesis. 
2. FINITE DIMENSIONAL THEOREM 
As stated in the introduction, the purpose of this section is to generalize 
the following two major fixed point theorems proved by Petryshyn in [14, 161. 
Our space X is as in Section 1. 
THEOREM A. Suppose that A is a bounded P-compact operator and that for 
some r > 0 and p > 0 the operator A satisfies the condition: 
(II;): If for some x in S, = aB, , the equation Ax = owe holds, then 01 < CL. 
Then there is at least one element u in B, - S, such that Au - t.~u = 0. 
THEOREM B. Suppose A is P-compact. Suppose further that for given 
r > 0 and t.~ > 0 the operator A satisfies both of the following conditions: 
(4: There exists a c(r) > 0 such that iffor any n, P,Ax = hx holds for x 
in S, with h > 0, then h < c(r). 
(I7>): If for some x in S, , the equation Ax = EC holds, then (Y < u. Then 
there exists at least one element u in B, - S, such that Au - pu = 0. 
THEOREM 1. Let B, be a closed ball of radius r in the finite dimensional 
Banach space X, and let C be a mapping 
C : (B, x (1)) u (aB, x [0, 11)-X 
such that 
(1) C(x, t) is continuous in x and t simultaneously 
(2) For a22 t E [0, l] and x E i3B, , C(x, t) # x 
(3) C(x, 0) satisfies (II;) on S, . 
Then there exists an x1 E B, - S,. such that C(x, , 1) = x1 . 
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PROOF. The proof is by way of contradiction. Suppose that C(x, 1) # x 
for all x E B, - S, . Then, by uniform continuity, and condition (2) of the 
theorem, there exists a 6 > 0 such that we have // x - C(x, t) // > 6 > 0 for 
(x, t) EF, where F = (B, x {I}) u (8B, x [0, I]). Now consider the con- 
tinuous map q~: B, ---f F defined as follows: 
where 17 < min(r, 6). Thus C’ = Cop, : B, ---f X is a continuous map, and 
it is clear that C’ satisfies (J7,C) on aB, . For suppose C’(x) = olx for some 
XEaB,. By the definition of q(x), for x in a&, q(x) = (x, 0). Thus 
C’(x) = LYX implies that C(x, 0) = (yx, and condition (3) implies that (Y < 1. 
We now want to show that C’ has no fixed points in B, . On the contrary, 
suppose there exists an x such that C’x = x. Then either (/ x Ij < I - 7 or 
r - 7 < jl x II < r. In the first case, by the definition of q(x), x = C’(x) 
implies that x = C[(rx/r - v), 11. But then 
which contradicts the choice of 8. Similarly, in the second case, 
x=c fi,y ( l (r - II x II)) = c (fi > b) 
where t, < 1. Thus 
/I ~-C(~‘tZ)/I=/I~-X/I=r-IIXll~“<S’ 
again contradicting the choice of 6. Thus, C’ has no fixed points in B, . 
Hence, we have constructed a continuous map taking B, into X, which 
satisfies (II:) on aB, , but has no fixed points in B, . But this contradicts 
Theorem 1 in [16]. Thus there exists an x1 E B, - S, such that C(x, , 1) = x1. 
COROLLARY 1 (Petryshyn [16]). Let A be a continuous mapping of B, of u 
finite dimensional space X into X. Then there exists at least one element x in 
B, - S, such that Ax = x, provided that the mapping A satisfies (l7:) on S, . 
PROOF. Let C(x, t) = tAx, which clearly is continuous in x and t, simul- 
taneously. For any x E B,. and for t = 0, C(x, 0) = 0, so C(x, 0) satisfies 
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(n>). Furthermore, it is clear that C(x, t) # x for all x E aB, and t E [0, 11. 
For suppose there were a to E [0, I] and an x’ E 8B, such that C(x’, to) = x’. 
Then we would have t,Ax’ = x’. If t, = 0, then we would have t&lx = 0 
and x’ = 0, contradicting the fact that x’ E aB, . If t, # 0, then Ax’ = l/t,, x’, 
where l/to > 1, contradicting the fact that A satisfies (L72). Thus by Theo- 
rem 1, C(x, 1) has a fixed point in B, - S, , or Ax = x. 
REMARK 1. As shown in Petryshyn [16], Theorem 1 gives the following 
results since (a), (b), (c) below all imply the fact that A satisfies (n:): 
If A is a continuous map of B, -+ X such that one of the following con- 
ditions holds, then A has a fixed point in B, - S, . 
(a) Ax - TX # 0 for all x E S, and any 7 3 1 
(b) 11 Ax - x II2 > 11 Ax II2 - 11 x II2 for x E S, 
(c) If X is a Hilbert space and (Ax, x) < Ij x II2 for x E S, . 
3. MAIN THEOREM 
THEOREM 2. Let X be an injinite dimensional Banach space and B, be 
the closed ball of radius r > 0. Suppose C is a mapping 
C : (B, x {I}) u (aB, x [0, 11) +X 
such that the following are true: 
(1) C is P-compact in x for each t. For n 3 N1 , P,,C is continuous in x 
and t simultaneously, where x E X,, and t E [0, I]. 
(2) If for x, E aB, n X, , and t, E [0, 11, we haoe x% P,C(x, , tn) : 0, 
then there exists a subsequence t, -+ t such that x, .-- P,C(x, , t) -+ 0. 
(3) For t E [0, I] and x E aB, , C(x, t) # x. 
(4) C(x, 0) is a bounded P-compact operator satkfying (II;). 
Then there exists an x1 E B, - S, such that C(x, , 1) = x1 . 
PROOF. The proof of Theorem 2 depends on Theorem 1 and the following 
lemma: 
LEMMA 1. If C satisjies the conditions of Theorem 2 then there exists an 
N, > 0 such that for n > N,, , P,,C satisfy the conditions of Theorem 1 in X,, . 
PROOF OF LEMMA 1. Assumption (1) implies that condition (1) of 
Theorem 1 is satisfied for n > Nr . To show condition (2) of Theorem 1 it 
suffices to prove that there exists an N, > 0 and constants a, > 0 such that 
for n>Nz;, II x - pnc(xt t, II b On for x E 8B, n X,, and t E [0, 11. If 
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such an Na did not exist, by the uniform continuity of 11 x - P,C(x, t) I/ , 
we could find sequences {xn}, with x, E 6B, n X, , and {tn> with t, E [0, I] 
such that x, ~ P,C(.Y~ , tn) = 0. But assumption (2) implies the existence of a 
subsequence {tm} and an element t such that t, - t and x, - P,C(x,, , t) -+ 0. 
Then, the P-compactness of C implies the existence of an x E aB, such that 
x - C(x, t) = 0. Since this contradicts assumption (3), there exists an iV, 
such that condition (2) of Theorem 1 holds for n > N, , By Lemma 1 of 
Petryshyn [16] and assumption (4), there exists an Ns such that for n 3 N, , 
P,C(*, 0) satisfies (n:) on aB, n X, . Thus, for N,, = max{N, , N, , N,}, 
Lemma 1 holds. 
PROOF OF THEOREM 2. By Lemma 1 and Theorem 1 for n 3 NO, 
there exists x, E (B, - S,) n X, such that P,C(x, , 1) - x, = 0. By the 
P-compactness of C(x, I), there exists an x1 E (B, -- S,) such that 
C(x,,l)=x,. 
COROLLARY 2 (Theorem B). Suppose that A is P-compact, and for given 
r > 0 and p > 0, A satisj?es both of the following conditions: 
(4 There exists a number c(r) > 0 such that if, for any n, P,,Ax = Lx 
holds for x E S, with h > 0, then h < c(r); 
(If>): If for some x in S, , the equation Ax = CIX holds, then 01 < 1. 
Then there exists at least one element x in II, - S, such that Ax = x. 
PROOF. Define C(x, t) = tAx, where t E [0, 11. By Lemma A, C(x, t) is 
P-compact in x for each t. It is clear that C(x, t) satisfies conditions (1) and 
(4) of Theorem 2. Now suppose that x, -- P,C(x, , t,) = x, - t,P,Ax, = 0 
for n > N,, and x, E aB, n X, . Thus, since jj x, /I = r, t, # 0 and 
P,Ax,, = (l/Q x,, with l/tn E [l, c(r)] by (A). Therefore, there exists a 
subsequence (l/&J and an element l/t > I, such that l/tm -+ l/t. Since (x~> 
is bounded, P,Ax, - (l/t) x, --+ 0 so condition (2) of Theorem 2 holds. 
Furthermore, by the proof of Corollary 1 condition (3) holds. Thus, by 
Theorem 2, there exists an x E B, - S, such that C(x, 1) = x, or 
AX=% 
REMARK 2. As noted in Petryshyn [15], condition (A) may be replaced 
by any one of the following stronger conditions: 
(a) A is bounded. 
(b) For any given r > 0, the set A($) is bounded. 
(c) If X is a Hilbert space, and for some Y > 0, (Ax, x) < c 11 x ]I2 for all 
x in Sr and some c > 0, 
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THEOREM 3. Let X be an infinite dimensional Banach space, B, be the 
closed ball of radius Y > 0. Suppose C is a mapping 
C : (B, x (1)) u (aB, x [O, 11) -X 
such that 
(1) C(x,t)isP- corn ac in x for each t, and uniformly continuous in t with p t 
respect to x in a bounded set. 
(2) For t E [0, l] and x E 8B, , C(x, t) # x. 
(3) C(x, 0) is a bounded P-compact operator satisfying (l7:). 
Then there exists an x1 E B, - S, such that C(x, , 1) = x, . 
PROOF. By Theorem 2 the proof is obvious. 
COROLLARY 3 (Leray-Schauder [12]). Let B, be a closed ball in the Banach 
space X. Let C be a mapping 
C : (B, x (1)) u (8B, x [0, 11) +X 
such that 
(1) C(x, t) is completely continuous for each value of t, and unrformly 
continuous in t with respect to x in a bounded set. 
(2) For t E [0, l] and x E aB, , C(x, t) # x. 
(3) C(x, 0) = x,, for all x E aB, , and some x0 E (B, - S,). 
Then there exists an x1 in B, - S, such that C(x, , 1) = x1 . 
PROOF. Since a completely continuous operator is a bounded, P-compact 
mapping, the proof follows easily from Theorem 3. 
COROLLARY 4 (Theorem A). Suppose that A is a bounded P-compact 
operator and for some r > 0, satisfies (II:) on S, . Then A has a fixed point in 
B, - S, . 
PROOF. The proof follows directly from either Remark 2 or Theorem 3. 
4. CONSEQUENCES OF THEOREM 3 
THEOREM 4. Let A : B, -+ X be a bounded P-compact operator, and 
B : B, -+ X be P-compact. Suppose 
(1) There exists a mappping C(x, t) which is P-compact for each t, and 
uniformly continuous in t with respect to x E B, . 
(2) C(x, 0) = Ax, C(x, 1) = Bx. 
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(3) For t E [0, I] and x E aB, , C(x, t) f x. 
(4) A satisfies (II:) on S, . 
Then there exists an x in B, - S, such that Bx = x. 
PROOF. Follows clearly from Theorem 3. 
REMARK 3. Granas [7] has further results in the case when A and B 
are completely continuous. 
THEOREM 5. Suppose A is a bounded P-compact operator, and B is a 
completely continuous operator such that neither A nor B has a$xedpoint on S, . 
If A satis$es (II:) on S, , and Ij Ax - Bx I[ < I/ x - Ax 11 for all x in S, , 
then B has a fixed point in B, - S,. . 
PROOF. Let C(x, t) = (1 - t) Ax + tBx for t E [0, I], x E B, . By Lem- 
ma A, C(x, t) is P-compact for each fixed t, and it is clear that C(x, t) is 
uniformly continuous in t with respect to x in B, . By assumption, 
C(x, 0) = Ax, C(x, I) = B x, and C(x, t) # x for t = 0 and t = 1. But for 
0 < t < 1, x ES,, /I C(x, t) - x II 3 (1 - t) II Ax - x I/ # 0. Thus, by 
Theorem 4, there exists an x in B, - S, such that Bx = x. 
REMARK 4. See Remark 3. 
REMARK 5. In the case X is a Hilbert space, Theorem 5 was proved by 
Petryshyn [15] for A and B both being bounded P-compact operators. 
THEOREM 6. Suppose A and B are bounded P-compact operators uch that 
neither A nor B has a fixed point on S, . If A satisfies (II>) on S, and for 
n 3 Nl, 11 P,Ax - P,Bx I/ < jj x - P,,Ax 11 for x in S, n X, , then B 
has a$xed point in B, - S, . 
PROOF. By Lemma 1 of [16], there exists an N, such that for n > .iV2 ,
P,,A is continuous in X,, , and satisfies (n;) on S, n X,, (which implies that 
P,A has no fixed points on S, n X,). Furthermore, by the proof of Lemma B, 
there exists an Na such that for n > Na , P,B is continuous in X, , and 
P,,B has no fixed point on S, n X, . Thus, for N > max{N, , Na , N3), P,A 
and P,B satisfy the properties of Theorem 5, so for n >, N, there exist {xol} 
with x,, E (B, - S,) n X,, such that P,,Bx,, = x,, . Ry the P-compactness 
.,of B, there exists an x E B, - S, such that Bx = x. 
COROLLARY 5. Let A be a bounded P-compact operator satisfying (II:) 
on S, . Then there exists a positive number & such that if B is a bounded P-cam- 
pact operator with no fixed points on S, , satisfying 11 Ax - Bx 11 < 8 for 
x~S,.,BhasajixedpointinB,-Sr. 
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PROOF. By the proof of Lemma B, there exists an N such that for YZ > N, 
P,,A is continuous in X,, , and 11 x - P,Ax I/ > I, for x E S, n X, . Take 
B = 8,/K and B satisfying 11 Ax - Bx 11 < 8. Then for n 2 N, 
11 P,Ax - P,Bx 11 < K II Ax - Bx II < 80 < II x - PA II 
for x in S, n X, . 
The result follows from Theorem 6. 
THEOREM 7. Let A be a bounded P-compact operator satisfying (lI;) on 
S, . There exists a positive number d such that if B is a completely continuous 
operator satisfying (1 Bx 1) < d for x E S, , then the operator A + B has a 
jixed point in B, - S, . 
PROOF. As in the proof of Corollary 5, for n > N, P,A is continuous in 
X and Ij x - P,Ax II > 8, for x E S, n X,, . Take d = g0,/2K and B 
s&h that 11 Bx 11 < 6’ for x E S, . Define P,C(x, t) = P,,Ax + tP,Bx for 
t E 10, 11, x E B, , n 3 N. Then for each n > N, P,C(x, t) is P-compact 
in x for each t, uniformly continuous in t with respect to x in B, n X, , 
and P&(x, 0) = PaAx, P,C(x, 1) = P,Bx, with P,C(*, 0) satisfying (n:) 
on S,. n X, by Lemma 1 of [16]. Furthermore, for t E [0, l] and x E S, n X, , 
we have 
llPnC@, t) - x II 2 II x - P,Ax I/ - t II PnBx II 2 (1 - t/2) g,, f 0. 
Thus, by Theorem 3, for n > N, there exists an x E (B, - S,) n X, such 
that P,C(x, , 1) = x, , or P,,Ax, + P,,Bx,, = x, . By Lemma A, A + B is 
P-compact, so there exists an x E B, - S, such that Ax + Bx = x. 
Using the previous theory, the authors of [17] extended certain results 
concerning the projection method for the approximate solution of the equa- 
tion Ax = x to approximations of a more general type. In particular, these 
extensions included the recent results of Vainikko [20] for completely continu- 
ous mappings. 
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